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UNIFORM DENSITIES OF REGULAR SEQUENCES
IN THE UNIT DISK

PETER L. DUREN, ALEXANDER P. SCHUSTER, AND KRISTIAN SEIP

ABSTRACT. The upper and lower uniform densities of some regular sequences
are computed. These densities are used to determine sequences of sampling
and interpolation for Bergman spaces of the unit disk.

1. INTRODUCTION

For 0 < p < oo, the Bergman space AP consists of functions f analytic in the

unit disk D with
1 1/10
1l = {— / If(2>|”dm(z)} < oo,
™ JD

where dm denotes Lebesgue area measure. Let I' = {z;} be a sequence of distinct
points in D having no accumulation points except on the boundary. We say that "
is a sampling sequence for AP if there exist positive constants K7 and Ks such that

(1) Kl fI < D (= |zl ()P < K f1I
k=1

for all f € AP. We denote by K;(T") the largest constant K; for which the lower
inequality in (1) holds. On the other hand, I" is an interpolation sequence for AP if
for each sequence {wy} with

(o)
D lwklP (1= J2]?)? < oo,
k=1

there is an f € AP such that f(z;) = wy, for all k.

By a standard argument involving the closed graph theorem, if I" is a set of
interpolation, there is a constant M (I") such that the interpolation problem can be
solved by a function satisfying

115 < M) Y fwonl? (1 — [20).
k

It is easily verified that both sampling and interpolation sequences are conformally
invariant, preserved under Mobius transformations of the disk onto itself.

The sampling and interpolation sequences for A% were described completely in
8], and in [4] and [5] the methods were used to extend the results to 1 < p < oo. The
descriptions are given in terms of certain densities. In order to state the theorems,
it is necessary first to introduce some terminology.
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For z,( € D, the pseudohyperbolic metric is

—z
p(5:0) =1oc(a),  where do(z) = <=
1-(z
The pseudohyperbolic disk with centre o and radius r is
Alayr) ={z€D:p(z,a) <r}.

The hyperbolic area of a measurable set 2 C D is

1 dm(z)
Al =~ / T L
T Jo (1 —[2%)
It is easily seen to be conformally invariant. Thus the hyperbolic area of a pseudo-
hyperbolic disk is

2
r
A(A(a, 1)) = A(A(0,7)) = T
A sequence T is uniformly discrete if

o(I') = jl.g,fcp(zg',zw > 0.

For a uniformly discrete sequence T, let nr(c, r) denote the number of points of
I’ which lie in A(e, 7). Consider the expression

Jy nr(e, s)ds

147
1—r

Dr(a,r) = og

Since
1+7r
—r

log

:2/0 (A(A(a, $)) + 1}ds,

the quantity Dr(«,r) may be viewed as the average number number of points in
pseudohyperbolic disks centred at «, per unit of hyperbolic area. The upper and
lower uniform densities of I are defined, respectively, by
D*(T') = limsup sup Dr(a, 1)
r—1 «a€cD
and
D™ (T) =liminf inf Dr(«,r).
r—1 «a€ebD

We can now state the theorems that describe sampling and interpolation se-
quences in Bergman spaces.

Theorem A. A sequence I' of distinct points in the disk is a sampling sequence
for AP if and only if it is a finite union of uniformly discrete sets and it contains a
uniformly discrete subsequence I for which D~ (I") > %.

Theorem B. A sequence I' of distinct points in the disk is an interpolation se-
quence for AP if and only if T' is uniformly discrete and DT (T) < %,

Interpolation sequences for Hardy spaces are described by a condition known as
uniform separation. For Bergman spaces the interpolation sequences have a similar
description [6] in which a canonical divisor plays the role of the Blaschke product.

Theorems A and B will be effective in describing specific sampling and interpo-
lation sequences only insofar as the densities can be computed. The calculation of
densities can be quite difficult, but answers are known in some instances. In [7] a
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regular sequence with two parameters is introduced, and by direct arguments it is
classified as a sampling or interpolation sequence for A2, depending on the choice
of parameters. In [3], the techniques of [7] are used to make a similar analysis of a
sequence constructed in [9]. The densities of these sequences can then be inferred
by comparing the results with Theorems A and B.

The purpose of this article is to calculate the densities of these same sequences
directly. We will perform the calculation only for the sequence of [9], since the
method will apply to the sequence of [7] with minor modifications. Our main point is
to show that the numerical densities can be extracted directly from the construction
of the sequence, by estimates similar to those which in [9] led to the existence of
a function vanishing on the sequence and with a particularly regular asymptotic
behavior. As a corollary, we also find the densities of sequences investigated by
Horowitz [I] and Luecking [2].

2. A REGULAR SEQUENCE IN THE DISK

For the calculation of densities it is more efficient to use the following equivalent
definition. (See [5] for a proof that the definitions are equivalent.) Again let T' be
a uniformly discrete sequence in D. For a fixed constant cg, 0 < ¢y < 1, let

1
2 co<lba(z0)l<r 198 Talam .

Er(a,r) =

log(7%7)
Then
D*(T) = limsup sup Er(a,7)
r—1 a€b
and

D™ (T") = liminf inf Ep(a,r).

r—1 a€ch

It is easy to see that these definitions do not depend on c¢g.
We turn now to a sequence previously constructed in [9]. For a fixed constant
a >0, let

_adm(z)
M= e

denote the corresponding multiple of hyperbolic area measure. Divide the disk into
a union of disjoint annuli

R, ={z:th_1 <|z| <tn}, n=1,23,...,

where the radii ¢,, are defined inductively by to = 0 and v(R,) = 2"~!. A calcula-
tion shows that

(2)

so that

1 P 4ma—1
1—t2 ma ’

tn =1—ma2 "1 +0(27%").

In particular, t, — 1 as n — oc.
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Next divide each annulus R, into 2"~ cells Q,;, by placing radial segments at
angles j27 "2 j=1,2,...,2"" 1 Then all cells have equal area v(Q,;) = 1. Let

G = =)

nj

denote the hyperbolic centre of mass of the cell @,;. A calculation shows that
|Gojl = 1= 27" (ralog2) + O(27%"),

so that {,; € Qn; at least for all n sufficiently large. Finally, we define our sequence
I' = {z;} to be an enumeration of the points ¢,;. We will show that I" is uniformly
discrete and will establish the following

Main Result.
am

D™(r) = D*(r) = 5.

For the proof, we define the discrete integer-valued “counting measure”
"7 = Z 52k5
k

where 0, is the Dirac measure located at z. For « € D and ¢g < r < 1, consider the
pseudohyperbolic annulus

Qa,r)={z€D: ¢y < pla, 2) <7}
We intend to prove

Theorem 1.

(3) sup < 00.

aeD,r<1

/ log [éa ()|d(v(2) — 1(2))
Q(a,r)

Deferring the proof of Theorem 1, let us observe first that it implies the main
result. By a change of variables argument and the identity

oz 1= 18a(2)[)?
|¢a(z)| - (1 _ |Z|2)2 )

we obtain
dm(w) " slog sds
log |¢a (2)|dv(2) = a/ log |w| ————5—= = 2a7r/ —
/Q(a,r) “ co<|w|<r (1 - |w|2)2 co (1 - 82)2
am 1
= —710g1_r + o(log ] —r)'
On the other hand,
1
[ togleatllinG) = 30 ogloa(a)] = - log 1 Erla.r),
Heur) co<|a(zr)|<r
These two formulas are now combined to give
am 1
[ 1ogl6a(:)ldw(z) ~ n(e)) = (Br(avr) = G log 1= + oflog ).
Q(a,r) -r -r

Thus the boundedness of the integral implies that D~ (T') = D*(I") = 4F.

We now turn to the proof of Theorem 1. A major part of it coincides with the
proof of Theorem 2 of [9], but we elaborate the details for the convenience of the
reader.
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We begin by making some preliminary observations. We will denote the pseudo-
hyperbolic diameter of a set E C D by

d(E) = sup p(z,0).
z,CeEE

Lemma 1. (a) The sequence I' is uniformly discrete.
(b) The pseudohyperbolic diameters of the cells Qn; are uniformly bounded:
d(Qn;) < K for some constant K < 1.

Proof. Calculations based on the asymptotic formulas for |(,;| and ¢, show that
there exist radii r; and r9 such that

A(Cnj, 1) € Qunj € A(GnjsT2)

at least for all n sufficiently large. From this the lemma follows immediately. [

Lemma 2. There is a constant C' such that if a and b belong to the same cell Qy;,
then

<C

’1—62
1—bz

for all z € D.
Proof. Note first that

‘1—63 21?1 - p2(b,2)

1—bz| 1—|b]21—p2(a,2)

The first factor can be bounded using the estimates for 1 — 2 given by (2). The
second factor will be handled as follows: Note that

p(b,2) + pla,b)

< — 7
P 2) < b 2)p(ah)
Therefore,
L=p(b,2) __1=plb2) (1= p(b2))(1+p(b,2))p(a,b)
_ - (b,2)+p(ab) _ _
1 p(a,z) ].— m (1 p(b,Z))(]. p(a,b))
2 2

< < .
“1-pla,b) " 1-K

The last inequality follows from the fact that d(Qn;) < K for all k. This completes
the proof of the lemma. O

We now proceed with the proof of Theorem 1. Denote by ;(c,r) the union of
the cells @,; which are entirely contained in Q(«, r) and write

Qa(a,r) = Qo) \ Q(a, 7).
Our first task is to estimate the part of the integral in (3) taken over €4 («, 7). To

this end, define
z—a«
L(z) =1 .
(2) = log <1 - az>

Integration by parts yields

L(2) = L(zx) + L' (21) (2 — 2x) + /Z L' (w)(z — w)dw.

2k
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Denoting by @ the cell containing zx, we apply this equation to obtain
(1) / log d(v(2) — 1(2)) = Re / ( / L' (w)(z — w)dw)d(=).
Qx ko Jzg

Here we have used the facts that

/ d((z) (=) =1-1=0,
Qr

1—-Z«

/ zd(v(z) —n(z)) =2z — 2, =0

Qk

and

Re/ (/ L"(w)(z — w)dw)dn(z) = Re/ L’ (w)(z — w)dw = 0.
Qr 2k 2k
To estimate the right-hand side of (4) we make the explicit calculation
L (w) = (1—laP)@w — o) — (1 — aw))
(1 —aw)?(w — «a)? '

But Qr € Q(a,7) and so ¢y < p(a,w) < r for all w € Q. This implies that

1
1
()l < (1= af) <| a||1 aw|2+|w—a|2|1—aw|>
< (1-[aP) !
- “ ozw|‘3 0(2)|1—6w|3
<1—|a|>
= E1—awP

Therefore, an application of Lemma 2 with a = w and b = z yields

: " _ < _ 2 - |Z_w|
/ZkL (w)(z —w)dw| < C(1 — |« )/Zk —6w|3|dw|

1— 2 z
SC%/ |z — w||dwl|
|]'_C¥’Z|(3 Zk

1— 2
< C’% sup |w —z|2.
|1—az| WEQL

But if w € Qf, we use Lemma 2 with a = w,b = z and z = z to observe that
lw— 2| < |1 —wz| < C(1 —|z]?).

Therefore,

[ e -] < U=l

1 —@z|?
It follows that

1

/ log [¢a(2)|(dv(z) — d(n(z))| < C(1 - |a|2)/ T——=3dm(2).

Q D |1 - OéZ|
Qx CQl(oz r) Yk
A computation shows that the right-hand side is bounded independently of «. In
other words, the part of the integral in (3) over O («, ) is bounded.

We now show that the part of the integral taken over Qs(«, ) is bounded. We
remarked earlier that the definitions of our densities D~ (I') and D*(T') do not
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depend on ¢g. We now fix such a ¢y. First, we choose L such that K < L < 1,
where K is the constant from Lemma 1. Next we pick ¢y < 1 such that

2L + co + L260
1+ 2Lcy + L2

By the definition of the densities, it is enough to consider values of r close to 1.
We are thus allowed to restrict ourselves to

2L + co + L260

< 1.

(5) " T 2L+ L2
Let
(6) c= 1L++LCCOO and h(r) = 1T:rli'
(5) and (6) imply that
co <c<h(r)<r.
We will show that
(7) Qo(a,r)N{z:c< pla,z) < h(r)} = ¢.

By Mobius invariance, we may assume that o = 0. To prove (7), it thus suffices to
show

(8) ple,co) > K
and
9) p(h(r), ) > K.

Since L > K, (8) and (9) follow immediately from (6).
By (7) we see that

sup / log [ (2)|(dv(z) — d<n<z>>|
a€D,r<1 |JQ(a,r)
< log |¢o (2)|(dv(z) — d(n(z
< /() g|a(2)|(di(2) — d(n( >)‘
+ / 1og|¢a<z>|<du<z>—d<n<z>>|
h(r)<p(a,z)<r
=1 + Is.

To prove the boundedness of I;, we require the following well-known result, the
proof of which may be found in [5].

Lemma 3. Let A be a uniformly discrete sequence of points in . There is a
constant A, depending only on 6(A), such that
A

naer) < 77—

forallr <1 and all a € D.
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By Lemma 3 and standard estimates, we then have

dm(z
L <a / 10g|¢a(z)|1722 + Z | log |pa (2x)||
co<p(a,z)<c (1—1z%) co<|pa(zr)|<c
2|1
< %OC%CM + |log co|nr(a, ¢)
mac?|logco|  Allogcol
1—c? 1—c °

On the other hand,

dm(z)

log|¢a(2)| m—377 | T

/h(r)<p(o¢,z)<r (1 - |Z|2)2
=13+ 1.

Igga

> |loglealzn)ll

h(r)<|¢a(zk)|<r

But

" sllogs|ds " sds
132271'@/ —_— §27ra/ < malog(l+ L).
ey (1 —5%)2 ey 1 — 82

To bound 1, we require the following result used in []]. The version below may be

found in [5].

Lemma 4. Let A be uniformly discrete. There is a constant B, depending only on
teR, §(A) and € < 6(A), such that

ST = PO < B/ £ () = |212)2dm(2)
AL EANQ p(z,Q)<e

for all measurable subsets Q of D and all f analytic in D.

We apply this lemma to ¢t =1, f(z) =1 and Q = {z : h(r) < |z| <7} to obtain

dm(z)

p(z,02)<e 1- |Z|2

> Jloglgalz)ll< >, (1—léalz)?) < B

h(r)<|pa(z)|<r h(r)<|pa(zr)|<T

But p(z,) < € if and only if
h(r) —e <o < r+e .
1 —eh(r) 14 re

Therefore,

hry—e 1 — 52
T—eh(r)

TFre d
I4§27r/ _sds

rte
< 27r/ Fre ds
hry—e 1 — 5§
T—ch(r)
(I+e)(1+re)
(1—en(r)(1—e)(1—-7)
(1+e?1+L

(1—¢)2 =1

= 27 log( )

< 2mlog(
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This shows that the part of the integral in (3) over Qs(a,r) is bounded, thus
completing the proof of Theorem 1.

As a consequence of our work, we are able to compute the density of the sequence
of zeroes of the infinite product

f(z) = ﬁa —b22"),  b>1,
n=1

introduced by Horowitz [I] to study AP zero-sets. This sequence H has 2" equally
spaced points on the circle |z| = b, = (1/b)> ", n = 1,2,.... Luecking [2]
constructs a similar sequence A by placing 2" equally spaced points on the circle
|zl =rn=1-72"",n=N,N +1,..., where v is a positive constant and 2V > ~.
(Here each group is aligned to include the point z = ry,.)

Corollary 1. The Horowitz sequence H has density

1
D(H) = D*(H) = 8%
log 2
Luecking’s sequence A has density
_ vy
D™ (A)=D"(A) = .
() = D) =

Proof. Let T' = {(y; } be the sequence constructed earlier in the paper and let Z be
obtained by placing 2! points on the circle of radius s,, where s,, is defined by
1— s, =2""malog?2.

Recall that

1—|¢n,jl =2 "malog2 + 0(2_2”),

We can therefore think of I' as a sequence obtained by placing 2”~! points on the
circle of radius vy, which is defined by 1 — v, = 27 "malog?2 + O(272"). At this
point we require the following result proved in ] and [5].

Lemma 5. Let I' be uniformly discrete. There are constants dy and Cy, depending
only on 6(T), such that

[K\(I)7 — Ky (I')7] < Go[D, T
and

[M(T)"7 ~ M(I') 7| < Go[D" T
for every sequence T with [T',T] < dg.

Here [I',T”] is the Fréchet distance between I' and T” with respect to p. The
precise statement of the lemma holds only when p > 1, but a similar result is
true for 0 < p < 1. See [B] for details. It follows from Lemma 5 that the maps
I'— D~ (') and T — D*(T) are continuous if the space of sequences is endowed
with the Fréchet metric.

One can check easily that p(s,,v,) — 0 and so we may apply Lemma 5 to show
that

Ta

D™(2) = D*(2) = D™(I) = D*(1) = .
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Note that A can also be obtained by placing 2"~' points on u, = 7,_1; that is,
1—u, =27"2y. Thus, A = Z if 2y = malog?2, and so

D (A)=Dt(A) =2 - T
(A) A)=5=r o2
Since p(rn,b,) — 0 if we choose v = log b, we again apply Lemma 5 to show that
1
D~ (H) = D* (1) = 280
log 2

O

Luecking [2] has found that A is an AP zero-set if and only if py < log 2. Horowitz
[1] showed that the infinite product f belongs to AP, hence that H is an AP zero-
set, if plogb < log2. For plogb > log2 he proved that H is not an AP zero-set.
Luecking has now sharpened the result to show that H is not an AP zero-set if
plogb = log2. Appealing to Theorems A and B, we can now round out the picture
as follows.

Corollary 2. (a) The Horowitz sequence H is an interpolation sequence for AP if
and only if plogh < log2. It is a sampling sequence if and only if plogb > log 2.
When plogb = log2 it is neither a zero-set nor a sampling sequence.

(b) The sequence A is an interpolation sequence for AP if and only if py < log?2.
It is a sampling sequence if and only if py > log2. When py = log?2 it is neither a
zero-set nor a sampling sequence.
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